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Functional data analysis

Functional variable: Its values depend on a continuous
magnitude such as the time.
Main characteristics

I They can be evaluated at any point (time) of the domain

I In practice, the available information (observations) is discrete

I Visually they are mathematical curves



Functional data analysis

Sample data: set of curves {xi (t) : i = 1, . . . , n}

Realizations of a stochastic process: {X (t) : t ∈ T}

x(t) ∈ L2(T ) =

{
f : T −→ R :

∫
T
f 2 (t) dt <∞

}

Usual scalar product:

〈f , g〉 =

∫
T
f (t) g (t) dt, ∀f , g ∈ L2 (T ) .



Functional data analysis

Sample data: set of curves {xi (t) : i = 1, . . . , n}

(Canadian weather data) (Tecator data)
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Characteristics:

I Each curve can be observed at the same or different
observation knots (times) {t1, . . . , tmi , i = 1, . . . , n}

I The number of observation knots (times) is not necessarily
the same for all curves

i.e. xi = (xi (t1) , . . . , xi (tmi ))′



Functional data analysis

Different approaches:
I Nonparametric estimation: Ferraty and Vieu (2006) and Müller

(2008)

I Basis representation approach: Ramsay and Silverman (2005)

I Bayesian estimation.

Some references:
I J. O. Ramsay and B. Silverman. Functional data analysis.

Springer-Verlag, 1997 (First ed.), 2005 (Second ed.)

I J. O. Ramsay and B. Silverman. Applied functional data analysis.
Springer-Verlag, 2002

I M. J. Valderrama, A. M. Aguilera and F. A. Ocaña. Predicción
Dinámica mediante ADF. Hespérides-La Muralla, 2000

I F. Ferraty and P. Vieu. Nonparametric functional data analysis.
Springer-Verlag, 2006

I L. Horvath and P. Kokoszka. Inference for functional data with
applications. Springer-Verlag, 2012.



Functional data in practice: raw data

Problem: x1 (t) , x2 (t) , . . . , xn (t) set of curves observed at
t1, t2, . . . , tm. The available information is the matrix

X =


x1 (t1) x1 (t2) · · · x1 (tm)
x2 (t1) x2 (t2) · · · x2 (tm)
· · · · · · · · · · · ·

xn (t1) xn (t2) · · · xn (tm) .





Functional data in practice: raw data
-4.65, -5.33, -2.53, 1.26, 5.79, 10.79, 15.21, 15.28, 11.62, 7.02, 2.95, -1.85

-6.16, -6.18, -1.74, 3.62, 9.44, 14.78, 18.38, 18.20, 13.87, 8.49, 3.24, -2.99

-5.72, -6.80, -2.94, 1.85, 7.50, 13.14, 17.49, 17.64, 13.31, 8.27, 3.53, -2.03

-3.22, -3.49, 0.15, 4.69, 9.34, 13.40, 16.29, 16.60, 13.59, 9.25, 4.90, -0.46

-8.11, -8.26, -3.44, 2.32, 8.76, 14.44, 18.29, 17.98, 13.44, 8.03, 2.57, -4.15

-9.92, -8.74, -2.59, 4.06, 10.79, 16.21, 19.24, 18.31, 13.00, 7.30, 1.17, -6.59

-23.71,-22.38,-15.88, -7.35, 0.91, 8.23, 12.37, 10.94, 5.35, -1.45, -9.20,-19.68

-15.36,-13.23, -5.82, 2.95, 10.20, 16.00, 18.66, 17.04, 11.95, 5.96, -1.16,-11.04

-16.24,-14.30, -6.59, 2.27, 9.33, 15.37, 17.94, 16.46, 11.02, 4.98, -2.36,-11.97

-12.78,-11.28, -4.67, 3.29, 10.91, 16.38, 19.05, 17.65, 12.50, 6.46, -0.54, -8.98

-11.82,-10.65, -4.04, 3.93, 10.79, 15.49, 17.97, 16.69, 11.96, 6.38, 0.00, -8.22

-10.53, -9.06, -2.51, 5.72, 12.99, 18.04, 20.83, 19.42, 14.52, 8.28, 1.66, -6.77

-11.08, -9.42, -2.83, 5.63, 12.93, 17.97, 20.78, 19.23, 14.21, 7.85, 1.01, -7.51

-6.81, -6.10, -0.79, 6.16, 12.40, 17.50, 20.53, 19.49, 15.14, 8.90, 3.22, -3.32

-6.75, -6.21, -0.60, 6.30, 12.66, 17.72, 20.29, 19.26, 15.20, 9.07, 3.25, -3.31

-15.06,-12.66, -5.64, 2.68, 9.04, 13.86, 17.59, 16.48, 11.13, 5.26, -2.81,-11.32

-18.32,-14.94, -6.79, 3.82, 11.70, 16.92, 19.59, 18.34, 12.24, 5.51, -4.92,-14.58

-21.34,-17.43, -9.68, 0.57, 8.72, 14.70, 17.61, 16.37, 9.85, 3.32, -7.75,-17.85

-27.04,-25.61,-20.18,-10.25, -1.13, 6.31, 11.83, 11.35, 5.46, -1.61,-12.64,-22.75

-16.50,-12.84, -5.65, 4.22, 11.47, 16.37, 18.86, 18.03, 11.62, 4.99, -5.14,-13.49

-19.76,-15.86, -8.28, 2.77, 10.41, 15.13, 17.46, 16.13, 9.96, 3.59, -7.54,-16.85

-26.89,-22.29,-15.05, -2.48, 6.91, 13.28, 16.20, 14.47, 7.29, 0.44,-11.77,-22.19

-14.07,-10.80, -5.08, 3.84, 10.38, 14.20, 15.98, 15.06, 9.97, 4.52, -5.66,-12.08

-9.45, -6.29, -2.24, 4.28, 9.77, 13.94, 16.25, 15.64, 10.66, 5.59, -2.99, -8.00

-4.79, -0.55, 4.56, 9.53, 14.23, 18.29, 20.83, 20.31, 15.01, 8.51, 1.63, -3.17

2.98, 4.75, 6.38, 8.94, 12.28, 15.23, 17.29, 17.43, 14.36, 10.03, 5.96, 3.52

3.52, 4.89, 6.25, 8.52, 11.61, 14.36, 16.27, 16.27, 13.82, 9.78, 5.98, 3.90

-9.88, -5.44, -0.52, 4.86, 9.62, 13.23, 15.33, 14.72, 9.94, 4.72, -2.98, -8.16

0.94, 2.55, 3.69, 5.69, 8.46, 10.98, 12.94, 13.33, 11.34, 7.99, 4.00, 1.82

-18.44,-13.21, -6.97, 0.55, 6.75, 11.71, 14.01, 12.44, 7.17, 0.56, -9.86,-15.69

-28.83,-23.76,-13.02, -1.07, 7.77, 13.54, 15.53, 12.60, 5.93, -4.15,-17.81,-25.43

-27.89,-24.70,-18.15, -6.21, 5.08, 13.11, 16.52, 14.15, 6.65, -1.49,-14.66,-23.98

-26.24,-27.33,-23.82,-15.07, -4.40, 3.39, 7.66, 6.81, 2.20, -4.80,-12.99,-22.41

-28.63,-28.33,-23.70,-13.81, -0.41, 10.66, 13.94, 10.67, 3.18, -8.16,-21.50,-26.14

-32.37,-33.01,-31.23,-23.56,-10.98, -0.58, 4.12, 1.81, -4.98,-15.05,-24.45,-29.13



Functional data analysis: basis representation

Problem: x1 (t) , x2 (t) , . . . , xn (t) set of curves observed at
t1, t2, . . . , tm.
Solution: Curves belong to a finite dimensional space generated a
basis of functions

{φ1 (t) , . . . , φp (t)} .

Curves are expressed as

xi (t) =

p∑
j=1

aijφj (t) , i = 1, . . . , n.

The functional form of the curves is determined by the basis
coefficients

ai = (ai1, . . . , aip)′ .



Functional data analysis: basis

Fourier basis: {φ0 (t) , φ1 (t) , . . . , φp (t)}

φ0 (t) =
1

T 1/2

φ2j−1 (t) =

(
2

T

)1/2

sin

(
2πjt

T

)
φ2j (t) =

(
2

T

)1/2

cos

(
2πjt

T

)
, j = 1, . . .



Functional data analysis: basis

B-Spline basis: {φ1 (t) , . . . , φp (t)} = {B1,4 (t) , . . . ,Bp,4 (t)} ,
Bj ,4 (t) = 0 ∀t /∈ [tj−2, tj+2]

τ−3 < τ−2 < τ−1 < τ0 < τ1 < . . . < τm < τm+1 < τm+2 < τm+3

Bj ,1 (t) =

{
1 τj−2 ≤ t < τj−1
0 Other case

Bj ,r (t) =
t − τj−2

τj+r−3 − τj−2
Bj ,r−1 (t) +

τj+r−2 − t

τj+r−2 − τj−1
Bj+1,r−1 (t)

r = 2, 3, 4; j = −1, 0, . . . ,m − r + 5



Functional data analysis: basis representation (equal knots)

Curves representation: x1 (t) , x2 (t) , . . . , xn (t) set of curves
observed at t1, t2, . . . , tm. The available information is the matrix

X =


x1 (t1) x1 (t2) · · · x1 (tm)
x2 (t1) x2 (t2) · · · x2 (tm)
· · · · · · · · · · · ·

xn (t1) xn (t2) · · · xn (tm)


The basis coefficients of all curves

A =


a11 a12 · · · a1p
a21 a22 · · · a2p
· · · · · · · · · · · ·
an1 an2 · · · anp

 ,

are estimated by Least Squares criterion, so that

AT =
(

ΦTΦ
)−1

ΦTXT , Φ =


φ1 (t1) φ2 (t1) · · · φp (t1)
φ1 (t2) φ2 (t2) · · · φp (t2)
· · · · · · · · · · · ·

φ1 (tm) φ2 (tm) · · · φp (tm)

 .



Functional data analysis: estimated basis coefficients
-4.68, -7.48, 4.39, 23.45, 0.80, -1.53

-6.19, -8.96, 10.03, 25.78, 2.00, -2.71

-5.77, -9.78, 7.12, 25.92, 1.56, -1.71

-3.29, -5.70, 9.75, 22.36, 4.61, -0.30

-8.13, -11.52, 9.73, 25.72, 1.42, -3.85

-9.95, -11.71, 13.51, 24.98, 0.66, -6.28

-23.62, -26.83, 4.05, 19.69, -9.07, -19.30

-15.37, -16.80, 15.25, 22.75, 0.09, -10.77

-16.30, -17.73, 14.49, 22.28, -1.30, -11.72

-12.75, -15.14, 14.93, 23.95, -0.16, -8.76

-11.87, -14.25, 15.26, 21.71, 0.85, -8.02

-10.54, -12.79, 17.12, 25.37, 2.10, -6.54

-11.08, -13.16, 17.16, 25.28, 1.46, -7.29

-6.83, -9.32, 14.81, 26.42, 2.34, -3.09

-6.8, -9.53, 15.54, 25.71, 2.85, -3.14

-15.18, -14.75, 12.05, 23.24, -1.85, -11.21

-18.38, -18.06, 16.59, 24.92, -2.64, -14.64

-21.31, -20.52, 12.85, 24.03, -5.63, -17.87

-26.89, -30.48, -0.21, 22.70, -11.72, -22.69

-16.52, -15.39, 15.17, 25.01, -3.79, -13.56

-19.76, -19.05, 15.44, 22.31, -4.76, -17.02

-26.65, -27.15, 12.18, 22.45, -9.50, -22.25

-14.04, -13.40, 13.60, 21.14, -3.63, -12.38

-9.34, -7.96, 10.45, 23.11, -2.91, -8.13

-4.82, 0.08, 13.69, 28.63, -0.21, -3.08

3.08, 4.32, 10.37, 24.02, 4.01, 3.60

3.60, 4.35, 9.78, 22.49, 4.27, 3.94

-9.86, -5.23, 9.92, 21.70, -3.09, -8.22

1.02, 2.42, 6.20, 19.20, 3.06, 1.80

-18.39, -13.77, 8.11, 21.38, -9.57, -15.91

-29.03, -25.71, 13.31, 22.20, -16.71, -25.83

-27.51, -31.26, 9.17, 25.48, -14.22, -24.04

-25.84, -35.42, -2.58, 17.09, -13.10, -22.14

-28.06, -37.25, 0.89, 28.36, -26.25, -26.21

-31.65, -42.10,-12.22, 19.08, -30.69, -28.80



Functional data analysis: sample curves



Functional data analysis: basis representation (different
knots)

Curves representation: x1 (t) , x2 (t) , . . . , xn (t) set of curves.
Each curve observed at different knots. The available
information of one curve is the vector

Xi = (xi (ti1) , xi (ti2) , . . . , xi (timi
))′ .

The basis coefficients of the i-th curve

ai = (ai1, . . . , aip)′ ,

are estimated by Least Squares criterion, so that

a′i =
(
Φ′Φ

)−1
Φ′X ′i , Φ =


φ1 (ti1) φ2 (ti1) · · · φp (ti1)
φ1 (ti2) φ2 (ti2) · · · φp (ti2)
· · · · · · · · · · · ·

φ1 (timi
) φ2 (timi

) · · · φp (timi
)


Independently for each curve.



Functional data analysis by Statfda

Statfda: Web-based application to perform Functional Data
Analysis

http://www.statfda.com/

Available analysis

I Exploratory analysis

I Functional principal component analysis

I Functional principal component linear regression

I Functional principal component logit regression
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Functional data analysis by Statfda

Statfda: Web-based application to perform Functional Data
Analysis

http://www.statfda.com/

Available analysis

I Exploratory analysis

I Functional principal component analysis

I Functional principal component linear regression

I Functional principal component logit regression



Functional data analysis by Statfda

Statfda: Web-based application to perform Functional Data
Analysis

Example. Monthly weather data.

I Mean monthly temperature in 35 canadian weather stations

I Basis used: Cubic B-spline basis of dimension 6

I Linear regression. Predict the total amount of precipitation in
terms of 4 functional principal components

I Logit regression. Predict if the total amount of precipitation is
bigger than the average of all weather stations, in terms of 4
functional principal components
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Functional data analysis by Statfda

Statfda: Web-based application to perform Functional Data
Analysis

Example. Monthly weather data.

I Mean monthly temperature in 35 canadian weather stations

I Basis used: Cubic B-spline basis of dimension 6

I Linear regression. Predict the total amount of precipitation in
terms of 4 functional principal components

I Logit regression. Predict if the total amount of precipitation is
bigger than the average of all weather stations, in terms of 4
functional principal components



Functional data analysis by Statfda. Register

Statfda: Starting



Functional data analysis by Statfda. Login

Statfda: Starting



Functional data analysis by Statfda

Statfda: What do we need?

I Statfda is designed to perform Functional data analysis when:

I all curves are observed at the same points: rectangular
matrices. Most usual

I each curve is observed at different points: localization and
length. Less usual

I Required information:

I .csv files with discrete observations of curves by rows (one row
per curve)

I no names on rows or columns
I “.” as decimal character
I “,” as separator character
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Statfda: What do we need?

I Statfda is designed to perform Functional data analysis when:

I all curves are observed at the same points: rectangular
matrices. Most usual

I each curve is observed at different points: localization and
length. Less usual
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I “,” as separator character



Functional data analysis by Statfda
-4.65, -5.33, -2.53, 1.26, 5.79, 10.79, 15.21, 15.28, 11.62, 7.02, 2.95, -1.85

-6.16, -6.18, -1.74, 3.62, 9.44, 14.78, 18.38, 18.20, 13.87, 8.49, 3.24, -2.99

-5.72, -6.80, -2.94, 1.85, 7.50, 13.14, 17.49, 17.64, 13.31, 8.27, 3.53, -2.03

-3.22, -3.49, 0.15, 4.69, 9.34, 13.40, 16.29, 16.60, 13.59, 9.25, 4.90, -0.46

-8.11, -8.26, -3.44, 2.32, 8.76, 14.44, 18.29, 17.98, 13.44, 8.03, 2.57, -4.15

-9.92, -8.74, -2.59, 4.06, 10.79, 16.21, 19.24, 18.31, 13.00, 7.30, 1.17, -6.59

-23.71,-22.38,-15.88, -7.35, 0.91, 8.23, 12.37, 10.94, 5.35, -1.45, -9.20,-19.68

-15.36,-13.23, -5.82, 2.95, 10.20, 16.00, 18.66, 17.04, 11.95, 5.96, -1.16,-11.04

-16.24,-14.30, -6.59, 2.27, 9.33, 15.37, 17.94, 16.46, 11.02, 4.98, -2.36,-11.97

-12.78,-11.28, -4.67, 3.29, 10.91, 16.38, 19.05, 17.65, 12.50, 6.46, -0.54, -8.98

-11.82,-10.65, -4.04, 3.93, 10.79, 15.49, 17.97, 16.69, 11.96, 6.38, 0.00, -8.22

-10.53, -9.06, -2.51, 5.72, 12.99, 18.04, 20.83, 19.42, 14.52, 8.28, 1.66, -6.77

-11.08, -9.42, -2.83, 5.63, 12.93, 17.97, 20.78, 19.23, 14.21, 7.85, 1.01, -7.51

-6.81, -6.10, -0.79, 6.16, 12.40, 17.50, 20.53, 19.49, 15.14, 8.90, 3.22, -3.32

-6.75, -6.21, -0.60, 6.30, 12.66, 17.72, 20.29, 19.26, 15.20, 9.07, 3.25, -3.31

-15.06,-12.66, -5.64, 2.68, 9.04, 13.86, 17.59, 16.48, 11.13, 5.26, -2.81,-11.32
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-19.76,-15.86, -8.28, 2.77, 10.41, 15.13, 17.46, 16.13, 9.96, 3.59, -7.54,-16.85

-26.89,-22.29,-15.05, -2.48, 6.91, 13.28, 16.20, 14.47, 7.29, 0.44,-11.77,-22.19

-14.07,-10.80, -5.08, 3.84, 10.38, 14.20, 15.98, 15.06, 9.97, 4.52, -5.66,-12.08

-9.45, -6.29, -2.24, 4.28, 9.77, 13.94, 16.25, 15.64, 10.66, 5.59, -2.99, -8.00

-4.79, -0.55, 4.56, 9.53, 14.23, 18.29, 20.83, 20.31, 15.01, 8.51, 1.63, -3.17

2.98, 4.75, 6.38, 8.94, 12.28, 15.23, 17.29, 17.43, 14.36, 10.03, 5.96, 3.52

3.52, 4.89, 6.25, 8.52, 11.61, 14.36, 16.27, 16.27, 13.82, 9.78, 5.98, 3.90

-9.88, -5.44, -0.52, 4.86, 9.62, 13.23, 15.33, 14.72, 9.94, 4.72, -2.98, -8.16

0.94, 2.55, 3.69, 5.69, 8.46, 10.98, 12.94, 13.33, 11.34, 7.99, 4.00, 1.82

-18.44,-13.21, -6.97, 0.55, 6.75, 11.71, 14.01, 12.44, 7.17, 0.56, -9.86,-15.69

-28.83,-23.76,-13.02, -1.07, 7.77, 13.54, 15.53, 12.60, 5.93, -4.15,-17.81,-25.43

-27.89,-24.70,-18.15, -6.21, 5.08, 13.11, 16.52, 14.15, 6.65, -1.49,-14.66,-23.98

-26.24,-27.33,-23.82,-15.07, -4.40, 3.39, 7.66, 6.81, 2.20, -4.80,-12.99,-22.41

-28.63,-28.33,-23.70,-13.81, -0.41, 10.66, 13.94, 10.67, 3.18, -8.16,-21.50,-26.14

-32.37,-33.01,-31.23,-23.56,-10.98, -0.58, 4.12, 1.81, -4.98,-15.05,-24.45,-29.13



Functional data analysis by Statfda

Statfda: Data uploading



Functional data analysis by Statfda

Statfda: Three different cases
Case 1. User has only discrete observations of curves xij

I Same number of discrete observations for all curves

I Time points are not important for the analysis

I Only needed the file with discrete observations of curves

Case 2. User has discrete observations of curves xi (tj).

I Same number of discrete observations for all curves

I Time points are important for the analysis

I Same points for all curves t1, t2, . . . , tm
I Needed files of curves and points

Case 3. User has discrete observations of curves xi (tij).

I Different number of discrete observations for each curve

I Time points are important for the analysis

I Different points for each curve ti1, ti2, . . . , timi

I Needed files of curves and points
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Functional data analysis by Statfda

Statfda: Functional representation details



Functional data analysis by Statfda

Statfda: Functional representation details

I Select the names of X-axis and Y-axis in plots

I Select the type of basis (B-splines, . . . )

I Select basis dimension (Number of basis functions)

I Interval bounds

I Select the curve to be shown

Change options until satisfactory representation

Finally, all analysis will be driven with the type of basis and the
dimension selected



Functional data analysis by Statfda

Statfda: Functional representation result



Functional data analysis by Statfda

Statfda: Functional representation result

I Plot of raw data
I Plot of sample curves
I Matrix of basis coefficients



Functional data analysis. Exploratory analysis

From a set of curves x1 (t) , x2 (t) , . . . , xn (t)
Mean function is defined as

x (t) =
1

n

n∑
i=1

xi (t) .

In terms of basic functions . . .

x (t) =
1

n

n∑
i=1

xi (t) =
1

n

n∑
i=1

p∑
j=1

aijφj (t) =

p∑
j=1

ajφj (t) , aj =
1

n

n∑
i=1

aij .

Mean function is also defined through its basis coefficients.
Standard deviation function is defined as

S (t) =
1

n − 1

n∑
i=1

(xi (t)− x (t))2 .



Functional data analysis by Statfda. Exploratory analysis

Statfda Mean and Standard deviation



Functional data analysis by Statfda

Statfda Mean and Standard deviation

I Plot of mean curve

I Plot of pointwise standard deviation

I Vector of basis coefficients of mean curve

"" ,"bspl4.1","bspl4.2","bspl4.3","bspl4.4","bspl4.5","bspl4.6"

"mean",-13.9632 ,-15.3433 , 10.2253 , 23.4261 ,-3.9625 ,-10.8471



Functional data analysis. Exploratory analysis

Bivariate correlation function. From a set of curves
x1 (t) , x2 (t) , . . . , xn (t) , with mean curve x(t), the covariance
surface is defines as

C (s, t) =
1

n − 1

n∑
i=1

(xi (s)− x (s)) (xi (t)− x (t)) ,

and from it the correlation surface is given by

r (s, t) =
C (s, t)1√

C (s, s)C (t, t)
.

The surface and contour plots for bivariate correlation are
provided by Statfda.



Functional data analysis by Statfda. Exploratory analysis

Statfda Bivariate correlation function



Functional data analysis by Statfda

Statfda. Bivariate correlation function

I Surface plot of bivariate correlation function

I Contour plot of bivariate correlation function



Functional principal component analysis

I Let {xi (t) : t ∈ T , i = 1, . . . , n} be a random sample of a
functional variable X = {X (t) : t ∈ T} with sample paths in
L2(T )

I Principal component ξij =

∫
T

(xi (t)− x̄(t)) fj (t) dt

Maxf Var

[∫
T

xi (t) f (t) dt

]
s.a.

{∫
T

f 2(t)dt = 1 y

∫
T

f` (t) f (t) dt = 0 ∀` ≤ j − 1

}
I Weight functions (Deville, 1974)

Ĉ(fj(t)) =

∫
T

Ĉ (t, s)fj (s) ds = λj fj (t) t ∈ T .



Functional principal component analysis: estimation
Problems

I To solve

∫
T
Ĉ (s, t) fj (s) ds = λj fj (t) t ∈ T

I Discrete observations xik of {xi (t) : i = 1, . . . , n; t ∈ T} in a
finite set of points {tik : k = 1, . . . ,mi}

Solution: Basis representation of the sample curves (Gutiérrez et
al., 1992; Ramsay and Silverman (1997, 2005))

xi (t) =
K∑
j=1

aijφj (t)

Functional PCA ⇔ Multivariate PCA of matrix AΨ1/2

(Ocaña et al., Computational Statistics, 2007)

I A matrix of basis coefficients A = (aij)i=1,...,n;j=1,...,K

I Ψ matrix of inner products Ψ =
(
< φj , φk >L2(T )

)
j ,k=1,...,K

.



Functional data analysis by Statfda. FPCA

Statfda Functional principal component analysis. Explained
variance



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. Explained
variance

I Plot of explained variance
I Table of explained variance

[1] "Percentages of explained variances"

Variance % Exp. Var % Cum. Exp. Var

Comp.1 424.24 89.7 89.7

Comp.2 37.32 7.9 97.6

Comp.3 9.39 2.0 99.6

Comp.4 1.64 0.3 99.9

Comp.5 0.33 0.1 100.0

Comp.6 0.03 0.0 100.0



Functional principal component analysis

From a set of curves x1 (t) , . . . , xn (t) with mean curve

x (t) =
1

n

n∑
i=1

xi (t)

When curves are expressed in terms of basic functions as follows

xi (t) =

p∑
j=1

aijφj (t) , i = 1, . . . , n,

then, the weights functions fj (t) are completely determined by its
basis coefficients

fj (t) =

p∑
k=1

Fjkφk (t) , j = 1, . . . , p.



Functional data analysis by Statfda. FPCA

Statfda Functional principal component analysis. Principal
component curves



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. Principal
component curves

I Principal component curve
I Perturbation of mean function
I Basis coefficients of principal component curves

1st PC Curve Perturbation of mean



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. Principal
component curves

I Principal component curve
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1st PC Curve Perturbation of mean



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. Principal
component curves

I Principal component curve

I Perturbation of mean function

I Basis coefficients of principal component curves

"" ,"PC1","PC2","PC3","PC4","PC5","PC6"

"bspl4.1",0.43 ,-0.52, 0.06, 0.74, 0.69,-1.20

"bspl4.2",0.52 ,-0.35,-0.67,-0.11,-1.29, 1.08

"bspl4.3",0.20 , 0.74,-0.09,-0.77, 1.38,-0.96

"bspl4.4",0.04 , 0.20, 0.14, 1.44,-0.95, 0.98

"bspl4.5",0.38 , 0.03, 0.63,-1.34,-0.13,-1.15

"bspl4.6",0.41 ,-0.43, 0.33, 0.52, 0.76, 1.27



Functional principal component analysis

From a set of curves x1 (t) , . . . , xn (t) with mean curve

x (t) =
1

n

n∑
i=1

xi (t)

When curves are expressed in terms of basic functions as follows

xi (t) =

p∑
j=1

aijφj (t) , i = 1, . . . , n,

then, the p functional principal components are the vectors of
components given by

ξij =

∫
T

(xi (t)− x (t)) fj (t) dt, i = 1, . . . , n, j = 1, . . . , p

In Matrix form

Γ =


ξ11 ξ12 · · · ξ1p
ξ21 ξ22 · · · ξ2p
· · · · · · · · · · · ·
ξn1 ξn2 · · · ξnp

 .



Functional data analysis by Statfda. FPCA

Statfda Functional principal component analysis. Biplots and
scores



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. Biplots and
scores

I Biplots

I Scores

1st PC vs 2nd PC 1st PC vs 3nd PC

Allowing to observe the most influential observations on scores.



Functional data analysis by Statfda. FPCA
,Comp. 1,Comp. 2,Comp. 3,Comp. 4,Comp. 5,Comp. 6

Curve.1 , 10.81, -9.22, 2.45, 0.34, -0.40, 0.16

Curve.2 , 14.24, -2.1, 3.12, 0.96, -0.30, 0.05

Curve.3 , 12.17, -4.7, 4.53, 1.17, -0.39, 0.23

Curve.4 , 17.76, -6.12, 2.22, -0.49, 0.21, -0.04

Curve.5 , 10.83, -1.56, 4.16, 0.79, -0.23, 0.21

Curve.6 , 10.83, 1.94, 1.72, 0.38, 0.15, 0.06

Curve.7 , -23.01, -3.26, 1.94, -1.86, -0.27, 0.08

Curve.8 , 3.36, 4.34, 2.09, -1.16, 0.42, 0.12

Curve.9 , 0.61, 3.76, 1.52, -1.23, 0.54, 0.17

Curve.10, 6.52, 3.69, 1.83, -0.16, 0.57, 0.03

Curve.11, 7.28, 1.91, 1.17, -1.08, 1.07, 0.01

Curve.12, 13.02, 5.51, 2.38, 0.32, 0.51, 0.00

Curve.13, 11.96, 5.75, 1.92, 0.33, 0.51, -0.05

Curve.14, 17.21, 2.54, 2.34, 1.16, 0.36, 0.10

Curve.15, 17.41, 2.63, 2.28, 0.84, 0.59, 0.04

Curve.16, 1.91, 1.99, 0.58, -0.84, -0.33, 0.16

Curve.17, 0.63, 8.58, 0.45, -0.30, -0.27, -0.10

Curve.18, -7.66, 6.28, -0.11, -0.62, -0.80, -0.15

Curve.19, -30.45, -2.87, 3.95, -0.71, -1.85, -0.10

Curve.20, 2.13, 6.56, -1.30, 0.12, -0.32, -0.11

Curve.21, -4.54, 6.45, -1.76, -1.12, 0.04, -0.30

Curve.22, -18.95, 6.89, -0.12, -1.17, -0.13, 0.08

Curve.23, 1.94, 1.35, -3.34, -0.99, 0.43, -0.35

Curve.24, 8.3, -2.07, -3.43, 0.13, -0.25, -0.25

Curve.25, 23.57, 2.36, -3.84, 2.06, -1.15, 0.16

Curve.26, 29.42, -7.37, -3.05, 0.92, -0.04, -0.19

Curve.27, 28.73, -9.21, -3.27, 0.39, 0.28, -0.24

Curve.28, 8.75, -3.39, -5.40, -0.85, -0.43, 0.11

Curve.29, 21.04, -13.35, -3.55, -1.22, 0.21, -0.08

Curve.30, -7.60, -1.24, -5.96, -1.01, -0.50, 0.33

Curve.31, -23.07, 8.47, -7.21, -0.53, 0.51, 0.35

Curve.32, -25.39, 6.99, 0.52, 1.11, -0.32, -0.19

Curve.33, -38.32, -9.55, 4.32, -1.87, 0.34, -0.34

Curve.34, -40.16, 2.09, -1.43, 4.89, 0.36, -0.23

Curve.35, -61.27, -14.06, -1.70, 1.31, 0.87, 0.28



Functional principal component analysis

FPC representation. Original curves can be approximated by
using a reduced set of functional principal components
(Karhunen-Loève, 1946)

xi (t) =

q<p∑
j=1

ξij fj (t) , i = 1, . . . , n.

By expressing the principal component curves fj(t) in terms of
basic functions, an approximation of the original curves in terms of
basis functions, is

xi (t) =

q<p∑
j=1

p∑
k=1

ξijFjkφk (t) =, i = 1, . . . , n.

Basis coefficients determine completely the curves.



Functional data analysis by Statfda. FPCA

Statfda Functional principal component analysis. FPC expansion



Functional data analysis by Statfda. FPCA

Statfda. Functional principal component analysis. FPC expansion

I Plot of the representation

I Basis coefficients of approximated curves

13th curve in terms of 1 FPC 13th curve in terms of 2 FPC

Basis coefficients of curves approximated in terms of different
number or PCs can be downloaded.



Functional linear regression model

Objective: Explaining a scalar response variable Y in terms of a
functional predictor X (t).
Formulation: x1 (t) , x2 (t) , . . . , xn (t) set of curves and y1, . . . , yn,
observations of the scalar response, linear regression model is
formulated as

yi = α +

∫
T
xi (t)β (t) dt + εi , i = 1, . . . , n.

By considering

xi =

p∑
j=1

aijφj (t) , i = 1, . . . , n, β (t) =

p∑
k=1

βkφk (t)

Functional linear regression model is

yi = α +

p∑
j=1

p∑
k=1

aijψjkβk , i = 1, . . . , n, ψjk =

∫
T
φj (t)φk (t) dt.



Functional principal component linear regression model

Functional principal component linear regression model is
formulated as

yi = γ0 +

q∑
j=1

ξijγj + εi

= γ0 +

q∑
j=1

(∫
T

(xi (t)− x (t)) fj (t) dt

)
γl + εi

= γ0 −
q∑

j=1

γl

∫
T

x (t) fj(t)dt +

∫
T

xi (t)

(
q∑

l=1

γl fl(t)

)
dt + εi

= α +

∫
T

xi (t)β (t) dt + εi

Intercept: α = γ0 −
q∑

j=1

γl

∫
T

x (t) fj(t)dt

Parameter Function: β (t) =

q∑
l=1

γl fl(t) =

p∑
k=1

(
q∑

l=1

Flkγl

)
φk(t)



Functional principal component linear regression model by
Statfda

Statfda: Requirements

I Observations of the response variable
I File with the response: .csv file with only one column and no

names in rows or column
I Number of functional principal components to use



Functional principal component linear regression model

Fitted model. Given the model in terms of functional principal
components

Y = γ0 + Comp.1γ1 + Comp.2γ2 + · · ·+ Comp.qγq + ε

Y = γ0 + ξ1γ1 + ξ2γ2 + · · ·+ ξqγq + ε

yi = γ0 + ξi1γ1 + ξi2γ2 + · · ·+ ξiqγq + εi , i = 1, . . . , n

The user can download the classical fitted model provided by R.



Functional principal component linear regression model

Fitted model.

[1] "Fitted linear model"

Call:lm(formula = RespuestaLin ~ ., data = DataFrameLineal)

Residuals:

Min 1Q Median 3Q Max

-505.56 -170.52 -41.03 122.33 1170.48

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 782.331 55.155 14.184 7.68e-15 ***

‘Comp. 1‘ 14.103 2.678 5.267 1.10e-05 ***

‘Comp. 2‘ -32.968 9.028 -3.652 0.000985 ***

‘Comp. 3‘ 49.434 18.004 2.746 0.010102 *

‘Comp. 4‘ -35.857 43.014 -0.834 0.411087

---

Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

Residual standard error: 326.3 on 30 degrees of freedom

Multiple R-squared: 0.6217,Adjusted R-squared: 0.5713

F-statistic: 12.33 on 4 and 30 DF, p-value: 4.799e-06



Functional principal component linear regression model

Statfda Functional principal component linear regression model.
Functional parameter.



Functional principal component linear regression model

Statfda Functional principal component linear regression model.
Functional parameter with basis coefficients in terms of parameters
of the model whose covariates are functional principal components.

β (t) =

q∑
l=1

γl fl(t) =

p∑
k=1

(
q∑

l=1

Flkγl

)
φk(t)

"" , "V1"

"bspl4.1", -0.7746

"bspl4.2", -10.3158

"bspl4.3", 1.5135

"bspl4.4", -50.9369

"bspl4.5", 83.3615

"bspl4.6", 18.0473



Functional principal component linear regression model

Residual analysis.

I Fitted values

ŷi = α̂ +

∫
T
xi (t) β̂ (t) vdt

= α̂ +

p∑
j=1

p∑
k=1

aijψjk β̂k , i = 1, . . . , n,

ψjk =

∫
T
φj (t)φk (t) dt., i = 1, . . . , n.

I Residual values ei = yi − ŷi and plotting residuals vs fitted
values and observed vs fitted values.



Functional principal component linear regression model

Statfda Functional principal component linear regression model.
Residual analysis



Functional principal component linear regression model

Statfda. Residual analysis gives the classical plots provided by R
and the matrix of observed and fitted values and residuals.

We can get the matrix of observed, fitted and residual values.



Functional principal component linear regression model
"" ,"Observed","Fitted","Residuals"

"Curve1" , 1462.07 , 1347.61 , 114.46

"Curve2" , 1435.08 , 1172.46 , 262.62

"Curve3" , 1454.99 , 1290.99 , 164.00

"Curve4" , 1245.78 , 1361.77 , -115.99

"Curve5" , 1185.03 , 1163.36 , 21.67

"Curve6" , 1111.86 , 942.73 , 169.13

"Curve7" , 788.17 , 727.83 , 60.34

"Curve8" , 882.55 , 831.79 , 50.76

"Curve9" , 916.59 , 786.40 , 130.19

"Curve10", 1190.39 , 849.06 , 341.33

"Curve11", 1092.00 , 918.45 , 173.55

"Curve12", 927.21 , 890.29 , 36.92

"Curve13", 899.54 , 844.51 , 55.03

"Curve14", 770.96 , 1015.36 , -244.40

"Curve15", 944.22 , 1023.82 , -79.60

"Curve16", 692.74 , 802.30 , -109.56

"Curve17", 500.50 , 541.53 , -41.03

"Curve18", 441.67 , 483.90 , -42.23

"Curve19", 401.88 , 668.49 , -266.61

"Curve20", 364.85 , 527.46 , -162.61

"Curve21", 399.67 , 458.78 , -59.11

"Curve22", 356.48 , 323.73 , 32.75

"Curve23", 457.08 , 635.51 , -178.43

"Curve24", 393.85 , 793.00 , -399.15

"Curve25", 267.60 , 773.16 , -505.56

"Curve26", 1141.58 , 1256.74 , -115.16

"Curve27", 842.03 , 1315.21 , -473.18

"Curve28", 599.53 , 780.85 , -181.32

"Curve29", 2558.10 , 1387.62 , 1170.48

"Curve30", 267.31 , 457.63 , -190.32

"Curve31", 322.33 , -159.72 , 482.05

"Curve32", 263.57 , 179.82 , 83.75

"Curve33", 407.68 , 837.63 , -429.95

"Curve34", 255.47 , -99.05 , 354.52

"Curve35", 141.22 , 250.55 , -109.33



Functional principal component linear regression model

Prediction. x(t) new curve observed discretely as
x(t1), . . . , x(tm), expressed in terms of the basic

x (t) =

p∑
j=1

ajφj (t) ,

The prediction equation

ŷ = α̂ +

∫
T
x (t) β̂ (t) dt

= α̂ +

p∑
j=1

p∑
k=1

ajψjk β̂k , i = 1, . . . , n

ψjk =

∫
T
φj (t)φk (t) dt., i = 1, . . . , n.

β̂k basis coefficients of parameter function β(t).



Functional principal component linear regression model

Statfda Functional principal component linear regression model.
Prediction

The discrete observations of the new curve must be in a .csv file
with only one row, without names in rows or columns.



Functional principal component linear regression model

Statfda Functional principal component linear regression model.
Prediction

Statfda provides the graph of the new curve and the prediction of
the response variable.



Functional logit regression model

Objective. Predict a binary response variable Y from a functional
predictor X (t).
Formulation. x1 (t) , . . . , xn (t) set of curves and y1, . . . , yn binary
response observations

yi = πi + εi = π (xi (t)) + εi , i = 1, . . . , n,

where

I πi = P[Y = 1/X (t) = xi (t)] =
exp{α+∫

T xi (t)β(t)dt}
1+exp{α+∫

T xi (t)β(t)dt}

I {εi : i = 1, . . . , n} independent and centered errors

In terms of the logit transformations (Functional GLM)

li = ln

[
πi

1− πi

]
= α +

∫
T
xi (t)β (t) dt, i = 1, . . . , n.



Functional logit regression model

By considering

xi =

p∑
j=1

aijφj (t) , i = 1, . . . , n, β (t) =

p∑
k=1

βkφk (t)

The functional logit model in terms of the logit transformations is
also expressed as

li = α +

p∑
j=1

p∑
k=1

aijψjkβk , i = 1, . . . , n,

with ψjk being the scalar products between the basis functions

ψjk =

∫
T
φj (t)φk (t) dt, j , k = 1, . . . , p.



Functional principal component logit regression

Functional principal component logit regression is formulated as

li = γ0 +

q∑
j=1

ξijγj + εi

= γ0 +

q∑
j=1

(∫
T

(xi (t)− x (t)) fj (t) dt

)
γl + εi

= γ0 −
q∑

j=1

γl

∫
T

x (t) fj(t)dt +

∫
T

xi (t)

(
q∑

l=1

γl fl(t)

)
dt + εi

= α +

∫
T

xi (t)β (t) dt + εi

Intercept: α = γ0 −
q∑

j=1

γl

∫
T

x (t) fj(t)dt

Parameter Function: β (t) =

q∑
l=1

γl fl(t) =

p∑
k=1

(
q∑

l=1

Flkγl

)
φk(t)



Functional principal component logit regression by Statfda

Statfda: Requirements

I Observations of the binary response variable
I File with the response: .csv file with only one column of zeros

and ones and no names in rows or column
I Number of functional principal components to be use



Functional principal component logit regression

Fitted model. Given the model in terms of functional principal
components

L = γ0 + Comp.1γ1 + Comp.2γ2 + · · ·+ Comp.qγq + ε

L = γ0 + ξ1γ1 + ξ2γ2 + · · ·+ ξqγq + ε

li = γ0 + ξi1γ1 + ξi2γ2 + · · ·+ ξiqγq + εi , i = 1, . . . , n

The user can download the classical fitted model provided by R.



Functional principal component logit regression
Fitted model.

[1] "Fitted logit model"

Call:glm(formula = Respuesta ~ ., family = binomial, data = DataFrameLogit)

Deviance Residuals:

Min 1Q Median 3Q Max

-2.0832 -0.0126 0.0000 0.1077 1.2485

Coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -6.1163 4.8144 -1.270 0.204

Comp.1 0.6403 0.4173 1.534 0.125

Comp.2 -0.4839 0.4037 -1.199 0.231

Comp.3 2.3234 1.6914 1.374 0.170

Comp.4 -7.8545 5.4278 -1.447 0.148

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 48.492 on 34 degrees of freedom

Residual deviance: 10.280 on 30 degrees of freedom

AIC: 20.28

Number of Fisher Scoring iterations: 10



Functional principal component logit regression

Statfda Functional principal component logit regression.
Functional parameter.



Functional principal component logit regression

Statfda Functional principal component logit regression.
Functional parameter with basis coefficients in terms of parameters
of the model whose covariates are functional principal components.

β (t) =

q∑
l=1

γl fl(t) =

p∑
k=1

(
q∑

l=1

Flkγl

)
φk(t)

"" , "V1"

"bspl4.1", -5.1772

"bspl4.2", -0.2050

"bspl4.3", 5.5826

"bspl4.4", -11.0884

"bspl4.5", 12.1866

"bspl4.6", -2.8090



Functional logistic regression model

ROC area and CCR. To evaluate the predictive ability of the
model.

I Correct classification rate (CCR) For a selected cutoff point pc ,
an observation is correctly classified when the estimated probability
π̂i ≥ pc and yi = 1 or π̂i < pc and yi = 0. Thus, the CCR is defined
as the ratio between the number of observations correctly classified
and the total number of sample observations.

I ROC curve. Plots the true positive rate or Sensitivity
(y = 1, ŷ = 1) against the false positive rate or Specificity
(y = 0, ŷ = 1) for different cutoff points.

I The nearest point to the unit is the best discrimination point.
I The area under the ROC curve (AUC) is a measure of the

capacity to discriminate. The closer this measure is to one, the
better it is, and an acceptable value would be 0.7 or higher.



Functional principal component logit regression

Statfda Functional principal component logit regression. ROC
area and CCR

A cutpoint must be selected.



Functional principal component logit regression

Statfda Functional principal component logit regression. ROC
area and CCR



Functional logistic regression model

Statfda. ROC area and CCR:

[1] "Classification table"

Predicted

Observed 0 1

0 16 2

1 1 16

[1] "Correct Classification Rate"

[1] 91.43



Functional principal component logit regression

Prediction. x(t) new curve observed discretely as
x(t1), . . . , x(tm), expressed in terms of the basic

x (t) =

p∑
j=1

ajφj (t) ,

The prediction equation

l̂ = α̂ +

∫
T
x (t) β̂ (t) dt

= α̂ +

p∑
j=1

p∑
k=1

ajψjk β̂k , i = 1, . . . , n

π̂ =
exp{l̂}

1 + exp{l̂}

β̂k basis coefficients of functional parameter.



Functional principal component logit regression

Statfda Functional principal component logit regression.
Prediction

The discrete observations of the new curve must be in a .csv file
with only one row, without names in rows or columns.



Functional principal component logit regression

Statfda Functional principal component logit regression.
Prediction

Statfda provides the graph of the new curve, the prediction of the
logit transformation and the response variable.




